Abstract. We give a structure theorem for n-dimensional smooth toric Fano varieties whose associated polytope has "many" pairs of centrally symmetric vertices.
Theorem (theorem 5 and proposition 7). Let X be a smooth toric Fano variety. Suppose that G(Σ X ) contains r > 0 pairs of centrally symmetric generators {x, −x}, and consider the linear subspace H of N Q spanned by all such pairs.
• If dim H < r, then X is a toric bundle over a lower dimensional toric Fano variety, with fiber a product of Del Pezzo varieties (see definition on page 4).
• If H contains more than 2 dim H generators, then there exists X ′ in B X which is a toric bundle over a
lower dimensional toric Fano variety, with fiber a product of Del Pezzo and pseudo Del Pezzo varieties (see definitions on page 4).
• If dim H = n − 1, then there exists X ′ in B X which is a toric bundle over P 1 , with fiber a product of Del Pezzo varieties, pseudo Del Pezzo varieties and a power of P 1 .
• If dim H = n, then X itself is a product of Del Pezzo varieties, pseudo Del Pezzo varieties and a power of P 1 .
All these results give a structure theorem for some classes of toric Fano varieties, in any dimension. The last case (dim H = n) generalizes a previous result by G. Ewald [Ewa88] , who obtaines the same statement under the stronger hypothesis that there exists an ndimensional cone σ ∈ Σ X such that −σ ∈ Σ X .
The structure of the paper is as follows: in section 1 we recall the language of primitive relations and some results of toric Mori theory; in section 2 we recall properties of toric bundles; in section 3 we introduce Del Pezzo and pseudo Del Pezzo varieties and state and prove our results.
1. Primitive relations and 1-cycles. We collect here some basic notions and results. We refer to [Oda88, Ful93] for properties of toric varieties, to [Bat99] for primitive collections and primitive relations, to [Rei83] and to the survey paper [Wiś02] for toric Mori theory.
Let X be a smooth, complete toric variety.
Definition. A set P ⊆ G(Σ X ) is a primitive collection if P ∈ Σ X and P {x} ∈ Σ X for all x ∈ P . If P = {x 1 , . . . , x h } is a primitive collection, consider the minimal cone σ ∈ Σ X containing the point x 1 + · · · + x h . If σ = y 1 , . . . , y k , we get a relation x 1 + · · · + x h − (a 1 y 1 + · · · + a k y k ) = 0 with a i ∈ Z >0 . This is the primitive relation r(P ) associated to P , and the degree of P is deg P = h − i a i .
Let A 1 (X) be the group of algebraic 1-cycles on X modulo numerical equivalence, N 1 (X) = A 1 (X) ⊗ Z Q, and NE(X) ⊂ N 1 (X) the convex cone generated by classes of effective curves; we recall that NE(X) is closed and polyhedral.
For every r ∈ {0, . . . , n} there is a bijection between the set of r-dimensional cones in Σ X and the set of codimension r orbits of T in X. For r = 1, this gives a bijection between G(Σ X ) and the set of codimension 1 orbits of T . We denote by V (σ) (respectively V (x)) the closure of the orbit corresponding to σ ∈ Σ X (respectively x ∈ G(Σ X )); this is an irreducible invariant subvariety.
We recall that there is an exact sequence:
. Hence the group A 1 (X) is canonically isomorphic to the lattice of integral relations among the elements of G(Σ X ): a relation x a x x = 0 corresponds to a numerical class γ that has intersection a x with each divisor V (x). Moreover, we have (−K X ) · γ = x a x . In particular, every primitive relation r(P ) defines a numerical class in A 1 (X), and deg P = (−K X ) · r(P ).
In the sequel, we will identify numerical classes with their associated relations. Remark that from the exact sequence above we deduce ρ X = #G(Σ X ) − n, where ρ X is the Picard number of X.
Lemma 1 ( [Cas01a] , lemma 1.4). Let γ ∈ A 1 (X) given by the relation
In particular, every primitive relation is an effective class: therefore, if X is Fano, every primitive collection has strictly positive degree.
Theorem 2. Let X be a toric Fano variety and let γ ∈ NE(X) ∩ A 1 (X) be such that (−K X ) · γ = 1. Then γ is extremal in NE(X), the relation associated to γ is a primitive relation
and for every cone ν = z 1 , . . . , z t such that {z 1 , . . , z t } ∩ {x 1 , . . , x h , y 1 , . . , y k } = ∅ and y 1 , . . , y k + ν ∈ Σ X , we have x 1 , . . ,x i , . . , x h , y 1 , . . , y k + ν ∈ Σ X for all i = 1, . . . , h. 
moreover, P ′ = {−x, z 1 , . . . , z h } is also a primitive collection, with relation
Both P and P ′ have degree 1, their primitive relations are extremal, and 2h ≤ n.
2. Toric bundles. We recall the following standard result of toric geometry (see [Ewa96] , theorem 6.7 in chapter VI, or [Ful93] , section 2.4, exercise on fiber bundles):
Theorem 4. Let X be a smooth, complete toric variety. Consider a linear subspace H ⊂ N Q of dimension r and suppose that for every n-dimensional cone σ ∈ Σ X , we have σ = η + τ , with η ∈ Σ X , η ⊂ H, dim η = r and τ ∩ H = {0}. Then:
• the set Σ F = {σ ∈ Σ X | σ ⊂ H} is the fan of a smooth, complete, r-dimensional toric variety F ;
Hence, X is a toric bundle over Z with fiber F .
Under this description, for every η ∈ Σ X such that η ⊂ H and dim η = r, the subvariety V (η) is an invariant section of the bundle; for every τ ∈ Σ X such that τ ∩ H = {0} and dim τ = n − r, the subvariety V (τ ) is an invariant fiber.
Suppose that X is a toric bundle over Z with fiber F , as described in theorem 4. Then G(Σ F ) = G(Σ X ) ∩ H and the primitive collections of Σ X contained in H are exactly the primitive collections of Σ F . These primitive collections have the same primitive relations in Σ X and in Σ F . Now set G = G(Σ X ) G(Σ F ). The projection π : N Q → H ⊥ induces a bijection between G and G(Σ Z ). Under this identification, the primitive collections of Σ X not contained in H are exactly the primitive collections of Σ Z . We denote by x the image of an element x ∈ N under π. A primitive relation in Σ Z of the form
will lift in Σ X to a primitive relation of the form:
The bundle is trivial, namely X ≃ F × Z, if and only if all primitive relations in Σ Z remain unchanged when lifted in Σ X .
3. Del Pezzo varieties and centrally symmetric generators. Let x 1 , . . . , x n be a basis of the lattice N and suppose that n = 2r is even. Consider the following elements of N :
Notation: I s denotes a set of indexes of cardinality s.
Definition. The n-dimensional Del Pezzo variety V n is the toric Fano variety described by the fan
The n-dimensional pseudo Del Pezzo variety V n is the toric Fano variety described by the fan Σ V n ⊂ N Q such that G(Σ V n ) = {x 0 , x 1 , y 1 , . . , x n , y n }.
We have ρ V n = n + 2 and ρ V n = n + 1. In dimension 2, these varieties are the Del Pezzo surfaces S 3 and S 2 , obtained from P 2 blowing-up respectively three or two fixed points. If the dimension is greater than two, the varieties V n and V n do not admit any smooth equivariant blow-down; moreover, the blow-up along any invariant subvariety is never Fano. This behaviour is rather peculiar: in dimension 4, H. Sato ([Sat00], theorem 8.1) has shown that any toric Fano 4-fold different from V 4 and V 4 can be obtained from P 4 by a sequence of smooth equivariant blow-ups and blow-downs in such a way that all the intermediate varieties are Fano.
The variety V n can be geometrically described as follows. Consider the Cremona map P n P n . It is well known that this map factorizes as a sequence of smooth blow-ups and blow-downs in the following way: first blow-up n + 1 general points p 1 , . . . , p n+1 in P n . Then, for all m = 2, . . . , n − 2 (in this order), flip the strict transforms of all the P m−1 spanned by m of the points p i . Finally, blow-down the strict transforms of all the P n−1 spanned by n of the points p i . It is easy to see that this is a toric factorization, namely, all varieties involved are toric and the maps are equivariant. Now, V n is the intermediate variety that you get if you perform the flips just till the dimension m = r−1, where r = n/2.
Del Pezzo varieties were introduced by V. E. Voskresenskiȋ and A. A. Klyachko [VK85] , where they show (theorem 6) that every toric Fano variety whose fan is centrally symmetric is a product of Del Pezzo varieties and a power of P 1 . This result has been generalized by G. Ewald [Ewa88] , who introduces pseudo Del Pezzo varieties and shows that every toric Fano variety whose fan contains two centrally symmetric maximal cones, is a product of Del Pezzo varieties, pseudo Del Pezzo varieties and a power of P 1 . We will see in proposition 7 that it is actually enough to ask that Σ X has n linearly independent pairs of symmetric generators.
Explicitly, the fans of V n and V n are:
s ∈ {0, . . . , r} and I r+s , J r−s a partition of {1, . . . , n}}.
The primitive relations of Σ V n are x i + y i = 0 for i = 0, . . . , n and i∈I r+1
for every partition I r+1 , J r of {0, . . . , n}.
The primitive relations of Σ V n are x i + y i = 0 for i = 1, . . . , n and
for all partitions I r , J r and I r−1 , J r+1 of {1, . . . , n}.
What makes Del Pezzo and pseudo Del pezzo varieties special among toric Fano varieties, is that they have lots of numerical classes of curves with anticanonical degree 1. 
. . , a and j = 1, . . . , b;
where all varieties are smooth, projective and toric, Z and W are Fano, ϕ and ψ are equivariant birational maps which are isomorphisms in codimension 1, and the decomposition of H induces toric bundle structures:
Remarks:
• in particular, we will see in the proof (step 7) that ϕ is an isomorphism over some invariant section of X ′ → W , hence there exists an invariant subvariety
where ρ V and ρ X are the Picard number of V and X respectively).
• when H i or H i has dimension 2, we recover [Cas01c] , 2.4.3 and 2.4.2a respectively.
• for all i = 1, . . . , a, G(Σ X ) ∩ H i consists of h i + 1 pairs of symmetric generators {x l , y l }, h i by h i linearly independent, such that x 1 + · · · + x h i +1 = 0.
• for all j = 1, . . . , b, G(Σ X ) ∩ H j consists of h j linearly independent pairs of symmetric generators {x l , y l }, plus another generator
• G(Σ X ) ∩ K consists of dim K linearly independent pairs of symmetric generators.
For the proof of theorem 5, we need the following lemma:
Lemma 6. Suppose that Σ X contains m pairs of centrally symmetric generators x i +y i = 0 for i = 1, . . . , m. Let τ = z 1 , . . . , z s ∈ Σ X such that {z 1 , . . , z s , x 1 , . . , x m } are linearly independent. Then there exists a partition I, J of {1, . . , m} such that τ + x i , y j i∈I, j∈J ∈ Σ X . In particular, {z 1 , . . , z s , x 1 , . . , x m } is a part of a basis of the lattice N .
Proof of lemma 6. Suppose that τ + y 1 ∈ Σ X . Then, up to renumbering {z 1 , . . , z s }, there is a primitive collection {z j , . . . , z s , y 1 } with 1 ≤ j ≤ s, and by lemma 3 we get primitive relations:
Now, theorem 2 implies that either τ + x 1 ∈ Σ X , or {z 1 , . . . , z s } ⊇ {u 1 , . . . , u s−j+1 }. This last case is impossible, because it would give a relation of linear dependence among {z 1 , . . , z s , y 1 }, against the hypotheses. Therefore τ + x 1 ∈ Σ X , and by recurrence we have the statement.
Useful Remark. Suppose that we have a relation among generators:
with a i , b j ∈ Z >0 for each i, j. Then the two cones x 1 , . . . , x h and y 1 , . . . , y k can not be both in Σ X , because they intersect in their interior, while two cones in the fan always intersect along a face.
Proof of theorem 5. We fix an m-dimensional linear subspace H ′ of H spanned by m pairs of centrally symmetric generators x i + y i = 0, with x 1 , . . . , x m linearly independent.
Step 1: every generator of Σ X contained in H ′ and different from x 1 , y 1 , . . . , x m , y m has the form m i=1 ε i x i with ε i ∈ {1, 0, −1} for all i.
Proof of step 1. Let x 0 ∈ G(Σ X ) be a generator in H ′ different from {x 1 , y 1 , . . . , x m , y m }. Up to reorder {x 1 , . . . , x m }, we can suppose that x 0 = s i=1 ε i x i , with 2 ≤ s ≤ m and ε i = 0 for all i = 1, . . . , s. Then for all j ∈ {1, . . , s} the generators {x 0 , x 1 , . . ,x j , . . , x s } are linearly independent, and by lemma 6 they are a part of a basis of the lattice, hence |ε j | = 1.
We assume from now on that
Step 2: m = 2r is even and Σ X contains all the cones x i , y j i∈I r , j∈J r , x 0 , x i , y j i∈ I r−1 , j∈ J r (⋆) and the primitive extremal relations
for all partitions I r , J r and I r−1 , J r+1 of {1, . . . , m} and for all choices of I r−1 , J r ⊂ {1, . . . , m} disjoint. Moreover, for every τ ∈ Σ X such that τ ∩ H ′ = {0} and τ + η ∈ Σ X for some η in (⋆), then τ + η ′ ∈ Σ X for all η ′ in (⋆).
Proof of step 2. By lemma 6, since {x 0 , x 1 , . . , x m−1 } are linearly independent and x 0 ∈ Σ X , up to reorder {x 1 , . . . , x m−1 } we have x 0 , x 1 , . . , x r−1 , y r , . . , y m−1 ∈ Σ X with 1 ≤ r ≤ m. Applying again lemma 6 to the cone σ = x 1 , . . , x r−1 , y r , . . , y m−1 , we get that at least one of the two cones σ + y m , σ + x m is in Σ X .
Consider the relation y r + · · · + y m − (x 0 + x 1 + · · · + x r−1 ) = 0. Since x 0 , x 1 , . . , x r−1 ∈ Σ X , by lemma 1 this relation corresponds to an effective class, and since X is Fano, its degree must be positive: this gives 2r ≤ m. Moreover, it can not be y r , . . . , y m ∈ Σ X (see the Useful Remark), hence σ + x m = x 0 , x 1 , . . , x r−1 , y r , . . , y m−1 , x m ∈ Σ X . This implies that also the relation x 0 + x 1 + · · · + x r−1 + x m − (y r + · · · + y m−1 ) = 0 is effective, hence its degree is positive, and we get 2r ≥ m. Therefore 2r = m. In particular, the relation x 0 + x 1 + · · · + x r−1 + x m − (y r + · · · + y m−1 ) = 0 has degree 1, so by theorem 2 x 1 , . . , x r−1 , x m , y r , . . , y m−1 ∈ Σ X . Now, we know that at least one cone in each of the two types in (⋆) is in Σ X . Let I r , J r be such that the cone x i , y j i∈I r , j∈J r is in Σ X . Then the relation
is effective by lemma 1, thus theorem 2 implies that the cones x 0 , x i , y j i∈I r {p}, j∈J r are in Σ X for all p ∈ I r .
In an analogue way, suppose that for some I r−1 , J r the cone x 0 , x i , y j i∈ I r−1 , j∈ J r is in Σ X . Let {1, . . . , m} = I r−1 ∪ J r ∪ {l}. Then the relations j∈ J r ∪{l} y j − (x 0 + i∈ I r−1
are effective by lemma 1, and again, theorem 2 implies that the cones x 0 , x i , y j i∈ I r−1 , j∈( J r {p})∪{l} , x i , y j i∈ I r−1 ∪{l}, j∈ J r are in Σ X for all p ∈ J r . Hence, proceeding in this way, we get all the desired cones and extremal relations in Σ X . Finally, if τ is such that τ ∩ H ′ = {0} and τ + η ∈ Σ X for some η in (⋆), then it is easy to see, using the extremal relations and reasonning as above, that τ + η ′ ∈ Σ X for all η ′ in (⋆).
Step 3: set y 0 = −x 0 . Either H ′ ∩ G(Σ X ) = {x 0 , x 1 , y 1 , . . , x m , y m }, or H ′ ∩ G(Σ X ) = {x 0 , y 0 , x 1 , y 1 , . . , x m , y m }.
Proof of step 3. Suppose that z ∈ H ′ ∩ G(Σ X ), z ∈ {x 0 , x 1 , y 1 , . . , x m , y m }: we want to show that z = y 0 = −x 0 . We know by step 1 that z = m i=1 λ i y i with λ i ∈ {1, 0, −1} for all i: z =
Since z can not be in the interior of some cone of Σ X , we know by step 2 that either #{i | λ i = 1} ≥ r + 1 or #{i | λ i = −1} ≥ r + 1, and that #{i | λ i = 0 or λ i = −1} ≥ r.
Hence at least r + 1 of the λ i are -1. Thus we have
and since there are at most r − 1 y i appearing on the right hand side, we know by step 2 that they generate a cone in Σ X . Hence {x 0 , z} is a primitive collection (see the Useful Remark), and since X is Fano, up to reordering {y 1 , . . . , y m } there are only two possible primitive relations: either
Let's show that this last case is impossible. If x 0 + z − y 1 = 0, this relation has degree 1; thus by theorem 2 y 1 , . . , y r ∈ Σ X implies z, y 1 , . . , y r ∈ Σ X . But we also have z + y 2 + · · · + y r = x r+1 + · · · + x m and x r+1 , . . , x m ∈ Σ X , a contradiction (by the Useful Remark).
Step 4: for every generator w ∈ G(Σ X ) such that w ∈ H ′ , we have w + η ∈ Σ X for all η in (⋆).
Proof of step 4. Suppose first that w, x 0 ∈ Σ X . Since {w, x 0 , x 1 , . . , x m−1 } are linearly independent, we know by lemma 6 that there exists a partition I, J of {1, . . , m − 1} such that w, x 0 , x i , y j i∈I, j∈J ∈ Σ X . This cone can not contain a primitive collection, so it must be #I ≤ r − 1, #J ≤ r. Since #I + #J = 2r − 1, it must be #I = r − 1, #J = r. Hence the statement follows from step 2. If w, x 0 ∈ Σ X , it means that {w, x 0 } is a primitive collection. Since w is not in H ′ , w = −x 0 ; hence the only possible primitive relation is w + x 0 − u = 0, which has degree 1 and is extremal by theorem 2. Now, u ∈ H ′ and u, x 0 ∈ Σ X : so by what preceeds, u + η ∈ Σ X for all η in (⋆). Choose η = x i , y j i∈I r , j∈J r for some I r , J r . Since the relation w + x 0 − u = 0 is extremal, theorem 2 implies that also w + η is in Σ X . By step 2, the same is true for all η ′ in (⋆), thus we get w, x 0 ∈ Σ X , a contradiction.
Step 5: let W be the invariant subvariety associated to one of the cones in (⋆). Then W is Fano.
Proof of step 5. We remark first of all that the linear span of the cones in (⋆) is always H ′ , and by step 2 the invariant subvarieties associated to these cones are all isomorphic. Let's fix a cone η in (⋆) and let W = V (η).
Consider an invariant curve C in W : in Σ X the curve C is associated to the (n − 1)-dimensional cone w 3 , . . . , w s + η = ( w 1 , w 3 , . . , w s + η) ∩ ( w 2 , w 3 , . . , w s + η). Remark that by step 2, w 1 , w 3 , . . , w s + η ′ ∈ Σ X and w 2 , w 3 , . . , w s + η ′ ∈ Σ X for all η ′ in (⋆). The numerical class of C in W is given by the relation
where a i ∈ Z and w denotes the image of w ∈ N under the projection N → N/H ′ . Hence in W the anticanonical degree of C is i a i . In the lattice N , this relation lifts as
where λ j ∈ Z. Choose a partition I r , J r of {1, . . . , m}: then the two relations
correspond respectively to the numerical classes of the invariant curves in X:
Since X is Fano, they both have positive degree, so
Step 6: Suppose that y 0 = −x 0 ∈ H ′ ∩ G(Σ X ). Then every cone σ ∈ Σ X decomposes as σ = η + τ , with η ⊂ H ′ , dim η = m and τ ∩ H ′ = {0}; H ′ contains the fan of a Del Pezzo variety V m and X is a toric bundle over W with fiber V m .
Proof of step 6. Apply step 2 twice considering first x 0 and then y 0 : it is immediate to see that H ′ contains the fan of the Del Pezzo variety V m . Consider now a cone τ ∈ Σ X such that τ ∩ H ′ = {0}. By lemma 6, we know that τ + η ∈ Σ X for at least one m-dimensional η ⊂ H ′ . Hence, again by step 2, τ + η ′ ∈ Σ X for all η ′ ⊂ H ′ . Thus by theorem 4 X is a toric bundle over a smooth toric variety with fiber V m . Since W is an invariant section of the bundle, it is isomorphic to the basis of the bundle.
Step 7: suppose that H ′ ∩ G(Σ X ) = {x 0 , x 1 , y 1 , . . , x m , y m }. Then there exist a smooth projective toric variety X ′ with G(Σ X ′ ) = G(Σ X ), such that X ′ is a toric bundle over W with fiber the pseudo Del Pezzo variety V m .
Proof of step 7. We remark that by step 4, all generators in G(Σ X ) H ′ induce a generator in Σ W . The fan Σ X ′ is defined as follows:
2. the set {σ ∈ Σ X ′ | σ ⊂ H ′ } is the fan of the pseudo Del Pezzo variety V m in H ′ , with generators {x 0 , x 1 , y 1 , . . , x m , y m };
3. for every τ ∈ Σ X such that τ ∩ H ′ = {0} and τ + η ∈ Σ X for η in (⋆), and for every σ ⊂ H ′ in the fan of V m , we set τ + σ ∈ Σ X ′ .
By construction, X ′ is a toric bundle with fiber V m (see theorem 4). The invariant subvarieties V (σ) ⊂ X ′ for σ ∈ Σ X ′ (m), σ ⊂ H ′ , are invariant sections of the bundle. If σ is one of the cones in (⋆), then X X ′ is an isomorphism on V (σ) ≃ W . Therefore the basis of the bundle is actually W .
Let's consider now the linear subspace H of N Q spanned by all pairs of symmetric generators in Σ X . We want to prove that H decomposes as a direct sum of subspaces as
Again by step 1, we know that v = h i=1 ε i x i with ε i ∈ {1, 0, −1} for all i. Up to renaming {x m+1 , y m+1 , . . . , x h , y h }, we can assume that
where I, J ⊂ {1, . . . , m} disjoint and m < s ≤ h. Remark that it must be s > m, because by step 3 we know that v ∈ H ′ (and x 0 ∈ H ′′ ).
Suppose first that #I ≤ r and #J ≤ r and choose a partition I r , J r of {1, . . . , m} such that I r ⊇ I, J r ⊇ J. Set η = x i , y j i∈I r , j∈J r . By step 4, we have v + η ∈ Σ X , and since {v, x i , y j , x m+1 , . . , x s−1 } i∈I r , j∈J r are linearly independent, lemma 6 implies that we can reorder {x m+1 , . . , x s−1 } in such a way that η + v, x m+1 , . . , x t , y t+1 , . . , y s−1 ∈ Σ X , with m ≤ t ≤ s − 1, and by step 2 the same is true for η ′ = x j , y i j∈J r , i∈I r . Now, the relations Suppose now that either #I or #J is bigger than r. In this case, we get a contradiction; the proof is very similar to the preceeding case. Suppose that #I > r: we can write
where I = {1, . . , r} ∪ I ′ . Reasonning as before we get the same cones in Σ X ; now we consider the relations:
Since they have positive degree, we get #I ′ ≥ #J + r, hence #J = 0 and #I ′ = r. Thus v = −x 0 , a contradiction. In the same way, if #J > r, we get v = x 0 , again a contradiction.
Remark. In the same setting as step 7, it is not true in general that H ′ contains the fan of V m . Indeed, the sets {x i , y j } i∈I r+s , j∈J r−s where I r+s , J r−s is a partition of {1, . . . , m} and s ∈ {1, . . . , r}, do not need to generate a cone in Σ X .
As an immediate corollary, we get a generalization of Ewald's result [Ewa88] :
Proposition 7. Let X be a toric Fano variety and let H be the linear subspace of N Q spanned by all pairs of symmetric generators in G(Σ X ).
Suppose that dim H = n. Then X is a product of Del Pezzo varieties, pseudo Del Pezzo varieties and a power of P 1 .
Suppose that dim H = n − 1. Then there exists X ′ ∈ B X which is a toric bundle over P 1 with fiber a product of Del Pezzo varieties, pseudo Del Pezzo varieties and a power of P 1 .
In dimension 4, there are only two toric Fano varieties which have 3 linearly independent pairs of symmetric generators and such that X ′ is not isomorphic to X. These 4-folds are M 1 and R3, in Batyrev's notation [Bat99] . In both cases ϕ : X ′ X is just a flip.
Proof of proposition 7. The statement for dim H = n is straightforward from theorem 5: let X X ′ → W be as in theorem 5, (iii). Then G(Σ W ) consists of dim W linearly independent pairs of symmetric generators x i , y i , where u denotes the image of u under the projection
Since W is Fano, we have W ≃ (P 1 ) dim W . Moreover, the primitive relations of W x i + y i = 0 remain unchanged when lifted to N , hence X ′ is actually the product
Assume dim H = n − 1 and fix n − 1 pairs x i , y i with i = 1, . . . , n − 1 such that x 1 , . . . , x n−1 are a basis for H and x i + y i = 0 for all i.
Claim. Let v, w ∈ G(Σ X ) H. Then either {v, w} is a primitive collection with relation v + w − z = 0 and z ∈ G(Σ X ) ∩ H, or v, w ∈ Σ X and w = n−1 i=1 ε i x i + δv with |δ| = 1 and ε i ∈ {1, 0, −1} for all i; moreover, the number of non-zero ε i is odd.
Proof of the claim. If v ∈ G(Σ X ) H, then by lemma 6 {v, x 1 , . . . , x n−1 } is a basis of N . Hence, if v, w ∈ G(Σ X ) H, we have w = n−1 i=1 ε i x i + δv with |δ| = 1. Suppose that {v, w} is a primitive collection. Since v + w = 0 (otherwise dim H = n), the associated primitive relation must be v + w − z = 0, with z ∈ G(Σ X ). Then z = n−1 i=1 ε i x i + (1 + δ)v, hence it must be δ = −1 and z ∈ H.
Let's assume that v, w ∈ Σ X . We can reorder {x 1 , . . . , x n−1 } in such a way that w = r i=1 ε i x i + δv with r ∈ {1, . . . , n − 1} and ε i = 0 for all i = 1, . . . , r. Fix i ∈ {1, . . . , r}. Since {v, w, x 1 , . . ,x i , . . , x r } are linearly independendent, lemma 6 implies that it is a part of a basis of the lattice. Hence |ε i | = 1.
It remains to show that r is odd. Up to renaming {x i , y i }, we can assume that w = r i=1 x i + δv, where |δ| = 1. Again by lemma 6, there exists a partition I, J of {1, . . . , r − 1} such that v, w, x i , y j i∈I, j∈J ∈ Σ X . Consider now the two relations:
They are both effective by lemma 1, so they must have positive degree: this gives #J = #I + δ − 1, hence r = 2#I + δ is odd.
We first prove the proposition in the case G(Σ X )∩H = {x 1 , y 1 , . . . , x n−1 , y n−1 } (namely, in the decomposition given by theorem 5, we have H = K). Then, we can restate the claim as follows: for every v, w ∈ G(Σ X ) H, we have w = n−1 i=1 ε i x i + δv with |δ| = 1 and ε i ∈ {1, 0, −1} for all i; moreover, the number of non-zero ε i is odd.
Remark that #(G(Σ X ) H) ≥ 2, because since X is complete, there is at least one generator in both half-spaces cut by H. Let's show that #(G(Σ X ) H) = 2. By contradiction, suppose that G(Σ X ) H ⊇ {v 1 , v 2 , w} with v 1 , v 2 in the same half-space cut by H and w in the other one. By the claim we have v 2 = v 1 + i∈I ε i x i and w = −v 1 + j∈J δ j x j with I, J ⊆ {1, . . . , n − 1}, |ε i | = |δ j | = 1 for all i, j, and #I and #J odd. Then Since by the claim all the coefficients must be 1 or -1, we have ε i + δ i = 0 for all i ∈ I ∩ J, and the non-zero coefficients are #(I J) + #(J I) = #I + #J − 2#(I ∩ J) an even number, a contradiction.
Therefore we have G(Σ X ) = {x 1 , y 1 , . . . , x n−1 , y n−1 , v, w} and up to renaming {x i , y i }, we can assume v + w = x 1 + · · · + x r , r ∈ {1, . . . , n − 1} odd. Hence G(Σ X ) = G(Σ X ′ ) where X ′ has primitive relations: x i +y i = 0 for i = 1, . . . , n−1, and v+w−(x 1 +· · ·+x r ) = 0. Thus X ′ is a (P 1 ) n−1 -bundle over P 1 . We can actually say more: define Y ′ to be the (r + 1)-dimensional smooth toric variety with G(Σ Y ′ ) = {x 1 , y 1 , . . . , x r , y r , v, w} and primitive relations x i + y i = 0 for i = 1, . . . , r and v + w − (x 1 + · · · + x r ) = 0. Then Y ′ is a (P 1 ) rbundle over P 1 and X ′ = (P 1 ) n−1−r × Y ′ . Moreover, X = (P 1 ) n−1−r × Y , where Y is Fano and G(Σ Y ) = G(Σ Y ′ ).
We have now to prove the general case. Let X X ′ → W be as in theorem 5, (iii). Then W is Fano and has at least dim W − 1 linearly independent pairs of symmetric generators x i + y i = 0, where u denotes the image of u under the projection N → N/H ′ , H ′ = H 1 ⊕ · · · ⊕ H a ⊕ H 1 ⊕ · · · ⊕ H b . By what preceeds, G(Σ W ) has exactly 2 dim W elements: the last two are v, w such that v + w = x 1 + · · · + x r for some r ∈ {0, . . . , dim W } (if r > 0 then it must be odd). In X ′ , by hypothesis we still have x i + y i = 0; the last relation lifts as v + w = x 1 + · · · + x r + u 1 + · · · + u s , where {u 1 , . . . , u s } are contained in H ′ (and again r + s is odd). Hence X ′ is a toric bundle over P 1 with fiber V h 1 × · · · × V ha × V h 1 × · · · × V h b × (P 1 ) dim W −1 .
Remark. We think that it should be possible, with a detailed analysis, to classify all the possible X Fano with dim H = n − 1, namely: to list all the possible decompositions of v + w in H, or in other words again, to list all the possible X ′ → P 1 with fiber a product of Del Pezzo varieties, pseudo Del Pezzo varieties and a power of P 1 , such that there exists X Fano with G(Σ X ) = G(Σ X ′ ). In the proof, we did this when the fiber of X ′ → P 1 is just a power of P 1 .
